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In this paper we consider solutions of a second-order linear parabolic 
partial differential equation 
+ t b,(x, t) g + c(x, t) u - g = 0 (1) 
i=l I 
on a strip R” x 10, a[, where x = (x, ,..., xn) E R” and 0 < t < a. We give 
necessary and sufficient conditions for a solution u to have a representation 
of the form 
4~ 4 = i,” P, GY, s)f(y) 4’ 
for some function f which satisfies 
1 l-(0,6; x, O)lf(x)l” dx < 00 Rn 
for all b E 10, a[. Earlier results in this direction were proved by Gehring 
(61, Johnson [lo], and Chabrowski [4]. 
We write ]]x]] for the Euclidean norm of x E R”. The term decreasing is 
used in the wide sense. The letter K is used to denote a positive constant, and 
does not necessarily represent the same constant on any two occurrences. 
For any function w, we write w+ = max{w, 0) and w- = max{-w, 0). 
The letter W is used to denote the Gauss-Weierstrass kernel, given by 
W(x, t) = (4nt)-“I* exp{-]]xll*/4t} for (x, t) E R” X IO, cc [. 
The coefficients of (1) are defined on the closed strip R” X [0, a]. By a 
solution of (1) on R” x lb, c[, where 0 < b < c < a, we mean a function u on 
R” x lb, c[ for which 8%/8xiL+xj, &/&z, (i,j = l,..., n), and au/at exist and 
are continuous functions that satisfy (1) on R” x lb, c[. 
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Let L denote the differential operator in (l), so that (1) becomes Lu = 0. 
We make the following assumptions about (l), its solutions, and solutions of 
Lu>O. 
(A,) There exists a unique nonnegative fundamental solution r of (1) 
such that 
l-(x, t; y, s) = (,” l-(x, c; z, t-1 qz, r; Yv s) dz 
wheneverx,yER”andO<s<r<t<a. 
(AZ) The fundamental solution I’ satisfies the following estimates, in 
which a, /I, and K are positive constants: 
rc-‘W(a(x-y),t--s)<T(x,t;y,s)<KW@(x-y),t-s), 
-&,r;y,s) Qc(t-s)-1’2 W(x-Y),t--S), 
I 
<lc(t-s)-’ W(p(x-y),t-s) for i,j= l,..., n. 
(A& If 0 < r < a, and u is a nonnegative solution of (1) on 
R” x ]r, a[, then there exists a nonnegative measure p on R” such that 
for all (x, t) E R” X ]r, a [. 
Furthermore, if u is continuous on R” X [r, a [, then &(y) = u( y, 0) dy. 
(AJ If 0 < r < s < a, and u is a solution of Lu > 0 on R” x ]r, s[ that 
is continuous on R” X [r, s[, then the conditions 
u(x, r> < 0 for all x, 
and 
I I ‘df exp(-k/(x]]‘) u’(x, t) dx < co for some k > 0, r R” 
together imply that u < 0 on R” x [r, s]. 
That most of (A,) and (A2) hold for a large class of operators L is well 
known [5, 91. The lower estimate in (A,) is given by Aronson in [ 11, and the 
estimate of ar/as follows from the usual estimate for the fundamental 
solution of the equation adjoint to (1) and the relation between the two 
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fundamental solutions [ 5 1. The representation of nonnegative solutions (A,) 
has been proved under various conditions by Widder 1151, Krzyiatiski [ 111. 
Guenther [7], Johnson [ 101, and Friedman 15, p. 481. Finally, (A4) was 
established for solutions of Lu = 0 by Chabrowski 131. His proof carries 
over to the case of solutions of Lu > 0 with only minor changes, and with 
the same conditions on the coefficients of L. 
All of our assumptions hold if, for example, L is a uniformly parabolic 
operator with smooth coefficients which, together with their derivatives of 
the first and second order, are bounded on R” x 10, a[. 
BY @A 
1 I-(x, t; y, s) dy < K ) W@(x - y), t - s) dy = KP-’ = A, (2) 
. ltn . Rn 
say. 
DEFINITION. Let 0 < t ( b < u, and let u be a measurable function on 
R” X {t}. If p > 1, we define the integral mean M,,,(u; t) by 
CI 
IlP 
M,,,(Y t) = r(O, b; x, t)l v(x, t)l” dx . 
Rn 
These means are a natural extension of those used in [ 13, 141, which 
correspond to the case p = 1. Throughout this paper we suppose that p > 1, 
and we let q be its Holder conjugate, q =p/(p - 1). We also assume that 
a > 0 and b > 0 throughout. 
The following is the main result of this paper: 
THEOREM 1. If u is a solution of (1) on R” x IO, a[, then the following 
statements are equivalent: 
(i) For each b < a, M,,,(u; +) is bounded on 10, b[. 
lim inpi) F 
or each b < a, M,,,(u; .) is locally integrable on 10, b[ and 
*-cl+ M&p@; 4 < co. 
(iii) There is a function f on R" such that 
1. r(O, b; x, O)l f (x)1” dx < 00 
. Rn 
for each b < a and 
4x, t> =j.Rnr.(~, t;y, O)f(y)& 
whenever (x, t) E R" x JO, a [. 
(3) 
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For the case where L is the heat operator and n = 1, the equivalence of (i) 
and (iii) was proved by Gehring in [6]. Johnson [IO] proved a result 
comparable to the deduction of (iii) from (i), and Chabrowski [4] extended 
Johnson’s work to the solutions of certain parabolic systems. 
Proof: If (iii) holds, then (i) follows. For, by Jensen’s inequality, (2), 
Fubini’s theorem and (A,), we have 
GAP-l I r(O, b; x, t) dx I mb 6 Y, 011 f(Y>I” dY Rn Rn 
= K jRn If(y dy jRn VA b; x, f) Qx, GY, 0) dy 
=K 
1 W4 b;y, O>lf(~>l” dy = K. Rn 
Statement (i) also follows from (ii). By Holder’s inequality and (2), 
I l-(0, b; x, t)l u(x, t)l dx < 1 l’qMb,p(u; t) (4) R” 
whenever 0 < t < b ( a, so that, if (ii) holds, the function 
t E+ . 
J 
Z-(0, b; x, t)l u(x, t)l dx 
Rn 
is locally integrable on 10, b[. Therefore, by [ 14, Theorem 41, 
@J’=j %t;y,s)u(y,s)dy 
Rn 
whenever x E R” and 0 < s < t < a. Hence, by Jensen’s inequality and (2), 
lu(x, t)l” <A’-’ jRnG, t; y, s)lu(y, s>l” dy, 
so that Fubini’s theorem and (A,) give 
Mb,,@; t)P < Ap-’ I’ l-(0, b; x, t) dx ,f T(x, 1; y, s)l u( y, s)l” dy 
. Rn Rn 
= AP-’ jRn 1 u(y, s)lp dy jRn ~(0, b; X, t) r(x, t; Y, S) dx 
= A”- ‘Mg&; s)” 
(5) 
(6) 
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whenever 0 < s < t < b < a. If s is chosen such that M,,,(u; s) < co, it 
follows that M,,,(u; .) is bounded on IS, b[. Therefore, since M,.,(u; .) is 
finite a.e. on IO, b[, it now suffices to prove that 
lim sup Mb,Jz4; t) < co. 
t-o+ (7) 
Suppose, on the contrary, that this upper limit is infinite. Let (ti) be a 
positive null sequence such that Mb,P(~; ti) + co as i -+ co, and let (sj} be any 
positive null sequence. Given A > 0, choose I such that M&u; t,) > A’IYA. 
Now let J be such that sj < t, whenever j > J. Then, by (6), 
M,,p(u; Sj) > k-“‘Mb,p(~; t,) > A 
whenever j > J, so that Mb,P(~; sj) -+ co as j+ co. This implies that 
Mb,p(u; t) --) a3 as t + O+, which contradicts (ii). Therefore (7) holds, and so 
(i) follows. 
Obviously, (i) implies (ii), so that it only remains to prove that (iii) is a 
consequence of (i). If (i) holds, then (4) and [ 14, Theorem 131 imply that 
there is a measure ,u on R” such that 
for all (x, t) E R” x IO, a[. Moreover, the same argument as that given by 
Aronson in [ 1, pp. 688-6901 for nonnegative measures shows that P is 
unique. Furthermore, this representation implies that there is a locally 
integrable functionfon R” such that U(X, t) -f(x) a.e. as t -+ 0+ [2, p. 2281. 
Let 0 < b < a. By hypothesis, there is a constant K such that 
M&u; t) <K for 0 < t < b. Therefore, if 0 < t < b/2, (A,) gives 
(jRn exp(-a2 ]]x]]*/2b)iu(x, t)]” dx) I” 
<K 0 
I/P 
W(ax, b - t)l u(x, t)l” dx 
Rn 
< KWa,,(u, t> < K. 
Furthermore, if dv(x) = exp(-a2 ]]x ]] */2b) dx, then u(x, t) -f(x) v-a.e. as 
t-+ O+. It therefore follows from [8, p. 2071 that u(., t)+f weakly in Lp(v) 
as t + O+. Also, for any fixed (x, t) E IO, b,8*/4a*[, where a and P are the 
constants in (A*), we have 
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X 
i 
exp(-ql( y/l2 (bp* - 4ta2)/8tb) dy < co. 
Rn 
Hence the functions 
Y - W, t;y, 0) exp(a2 II yl12/2b) 
and 
Y F-+ WJ(x -Y>, t> eMa II yll*Pb) 
both belong to L9(v). Therefore, for 0 < t < bp2/4a2, we have 
= j!$jRn {T(x, t; y, 0) exp(a2 II yl12/2b)I U(Y, ~1 TV 
= i {r(x, CY, 0) ev(a* II .412/2b)IS(y) MY) Rn 
= ! a c Y, O)f( Y) dY, Rn 
and similarly 
lim 1’ s-o+ Rn vP(X-Y)9 4l4Y9 s>l dY =lRn wm -Y>, Olf(.Y)l dY. 
Now, by the mean value theorem, (A*) and (9), we have 
I j v-(x, t; Yv s> - qx, t; y, O)} u( Y, s) dY Rfl 
= 
/J 
Rn s -g mG t; Y, r) U(Y, s) dY (0 < r < s) 
63) 
(9) 
<W-r)-‘j ~Ca(x-~),t--r)lu(y,s)ld~ 
R” 
92 N. A. WATSON 
< Ks(t - s) l ) W(p(x -I'), t)l u( y, s)l dy 
Rn 
-0 as s-to+. 
Therefore, since (4) and ] 14, Theorem 41 imply that 
@,f)= 1 qx,~;.Y,s)u(y,s)dy, 
“Rn 
it follows from (8) that 
= p+ i,” m, t; Y, 0) U(Y, s) dY 
=I ( l- x, f; Y, w-(Y) 4 for (x, t) E R” x 10, bp2/4az[. . R” 
By the uniqueness of ,u, we therefore have &(y) =f(v) dy, so that u has the 
representation (3) on R” x IO, u[. Finally, for each b < a, Fatou’s lemma 
gives 
[ 
-R” 
QO, b; x, O)( f(x)\” dx < lifmo’,“f M,,,(u; c)~ < co. 
Hence (i) implies (iii), and the proof is complete. 
It is natural to ask whether A”-’ can be replaced by 1 in (5), since this 
would give 
and, from (6), Mb,P(~; t) < Mb p(~; s) whenever 0 < s < t < b < a. For the 
heat equation this can be done,‘in view of [ 13, Theorems 3 and 7) and [ 12, 
Theorem 2 Corollary]. We show below that it can be done whenever the 
coefticient c(x, t) in (1) is identically zero. 
THEOREM 2. Let c(x, t) be identically zero, and let u be a solution of (1) 
on R” x 10, a[ such that, for each b < a, M,,,(u; .) is locally bounded on 
IO, b[. Then, whenever 0 < r < a, we have 
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for all (x, t) E R X ]r, a[, and the integrals are finite. Furthermore, for each 
b < a, M,,,(u; e) is decreasing on IO, b[, 
Proof: Let r < b < a. Since Mb,P(u; r) < co, [ 14, Theorem l] implies that 
the integrals in (10) are finite whenever (x, t) E R” x ]r, b(. Let r > 0, and 
for each (x, t) E R” x ]r, b[ put 
u(x, t) = J’ T(x, t;y, r)(u(y, r)” + tl’)“’ dy. 
rtn 
Then u > 0, and for all (x, t) 
u(x, t) <K 
I T(X, t; Y, r>(l U(Y, 91” + vp) dv < ~0 Rn 
by (2) and the fact that the integrals in (10) are finite. Therefore, by [ 14, 
Theorem l] u is a solution of (1) on R” x ]r, b[. Furthermore, for all z E R” 
we have, as (x, t) -+ (z, rt), 
lim { (u(x, t)’ + q2)p’2 - u(x, t)} = 0 (11) 
by [ 14, Lemma 21. 
Next, if 0 < 6 < b - r, it follows from (A2) and (2) that 
.r+S 
1, J dt ;. {(u(x, t)’ t v*)~‘* 
- u(x, t)}’ exp(-a2 /1x112/4(b - r - 6)) dx 
(u(x, t)’ t $)p’2 W(ax, b - t) dx 
<Kj:tSdtjRn W4 b; x, t)(l u(x, 01” + rip) dx 
I 
.r+S 
.i 
r+S 
=K M,,,(u; t)” dt t K vpldt < 03. 
-I i- 
Since L((u2 t v2)p’2 - 
(A,) that (u’ t I? ) 
v) > 0 on R” x ]r, b[, it now follows from (11) and 
2 p/2 < u on R” x ]r, r t 6[. Since 6 is arbitrary in 
IO, b - r[, this holds on R” x ]r, b[. Hence, making 17 decrease to zero, we 
obtain 
Iu(x, 01” ,< lRn Q, t; y, r)l 10, r>l” dy 
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on R” x ]r, 61, by Lebesgue’s monotone convergence theorem. This proves 
(lo), and it now follows from (A,) and Fubini’s theorem that 
= M*,p,(w r> 
whenever 0 < r < t < b < a. 
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